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Let Q be a set of n points and let S, be the symmetric group on Sz. Let 
h = (A, )...) h,) be a partition of n with /\r > h, > ... > h, > 0. Denote 
by X” the irreducible character of S, corresponding to the partition X. Here 
the number n - ;\1 is called the dimension of x~; it is the least integer m for 
which x” is a constituent of the permutation character of S, on the set sZm 
of ordered m-tuples of points of Q. 
Let G be a permutation group on Q and let k be a positive integer, k < n/2. 
According to a classical theorem, due mainly to Frobenius, G is 2k-transitive 
on Sz if and only if all the characters of S, of dimension at most k remain 
irreducible when restricted to G. A proof of this and a few related results 
can be found in Tsuzuku’s paper [9]. The main result of this paper strength- 
ens the above theorem: 
THEOREM A. Let G be a group of degree n > 4k. If the character &;n-k*li) 
is irreducible then either G is 2k-transitive or k = 2, n = 9 and G = PrL(2, 8). 
Here x (n-P.&z) = ,(n-k,k) _ T(“-t+l,k-l), where n(n-k,k) is the permutation 
character of S, on the set 52tkt of k-point subsets of Q. A special case of this 
theorem has been proved by P. M. Neumann in [7], where the characters 
of S, of small dimension were studied in great detail. 
A slightly stronger result is Theorem B. 
THEOREMS B. Let G be a group of degree n and let k, 1 be integers such that 
0 < 1 < k and n > 2(k + I). Assume that G is (k - I- 1)-homogeneous 
and (Xl;n-kk’, xg-z.l’ )o = 0. Then G is (k + I)-homogeneous. 
An immediate consequence of Theorem B and a theorem of H. Wielandt 
[lo] is the following result. 
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COROLLARY. Let G < S, and let k be an integer satisfring (n + 2)/4 3 
k > (1 + 3 log(n - 2k + 1))/2. I f  (&--li*lt), x$J-~+‘*“-‘)), = 0 then G con- 
tains the alternating group A, . In particular, this is true if xl;nPksk) is 
irreducible. 
The paper is divided into three sections. In the first section we collect 
some results on characters of S, we are going to need. Section 2 contains 
the proofs of Theorems A and B. In the last section we get some information 
concerning the other characters of S, . 
1. CHARACTERS OF S, 
The character theory of S, was developed by Frobenius in [3]. However 
we use the approach of A. J. Coleman and E. Snapper. 
Let n = h, + ... + h, with h, > ... 2 /\a > 0; then h = (X, ,..., h,) is a 
partition of n. The dimension of X is n - h, . The partition p = (pi ,..., pb) 
is conjugate to h if b = h, and for k = l,..., h, the number of indices i for 
which Xi > k is pk ; denote by h* the conjugate of h. 
Given a partition h = (/\i ,..., h,) of n, let QA = {(Ai ,..., A,) 1 Q = 
4 v  ... u A, and j fli 1 = Ai for i = I,..., a}. Then S, acts transitively 
on @; let SA be the stabilizer of a point in QA. Let 1, and 6, be the principal 
and alternating character of S, respectively. Define 4 = (lA)sn and 
TV = (6,)sn. Clearly 4 is the permutation character of S, on @. 
We shall find it sometimes useful to consider also the generalized partitions 
of n. Let n = pi + ... = pa with pi ,..., pa integers; then p = pi ,..,, pL, is a 
generalized partition of n. I f  all the pi are nonnegative, we define 
-JuI~~..-QI = ,(AI,...,&) and Q[~LI~....c~B] = Q(Al,...vb), where h = (A, ,..., j$) is 
the partition obtained by ordering the nonzero entries pi in decreasing 
order. 
Let h = [h, ,..., h,] and p = [pl ,..., &j be generalized partitions of n. 
Let A(h, p) be the set of all a x b matrices with nonnegative integral entries 
such that the sum of entries in the row i is Xi and the sum of entries in the 
column k is pk for i = l,..., a and k = l,..., b. Let B(h, p) be the subset of 
A(h, IL) of matrices all of whose entries are 0 or 1. Set a(h, p) = 1 A(h, p)j 
and W, P) = I W, tc)l. 
The following result appears in [l]. Since this is the main tool in Section 2, 
I include a proof here for completeness. 
THEOREM 1.1 ([l, Theorem 16 and 171). Let h and p be partitions of n. 
Then 
(9 (+, +ls, = a(& P); 
(ii) (nh, TU)~, = b(X, CL). 
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Proof. 
(i) By the intertwining number theorem [2, 44.51, (~9, n~‘)~, = 
C ((lJd, I&+)dnsp = C 1, where the summation runs over the double 
cosets S” dSu of SA and Su in S, . Hence we have to show that there are 
exactly a(& p) double cosets of S”, Su in S, . 
Let (Zr ,..., &) be an element of ~3 stabilized by S” and let (r, ,..., I’,) 
be a point in Qu stabilized by P. 
Let g ES,. Define an a x b matrix C(g) = (+(g)) by putting 
cii(g) = 1 Zig n ri I. Define a mapping f from the set of double cosets of 
S’, Su in S, into A(X, p) by 
f: SA dP --f (c,(d)). 
We shall now check that f is a well defined 1-l mapping onto A(& p). 
Let g E SA dP. Then g = tdu for some t E 9, u E P. Hence 
Now t E S” and so t leaves ,?Yi invariant by our choice of .& . Similarly u 
leaves r, invariant. Hence 
and so f is well defined. 
Assume now that csj(g) = c,(d) for all i, j; we shall show that g E SA dSp. 
Fix j. Then I Zig n ri I = I .Zid n rj / for all i = l,..., a. Hence there exists 
uj E S,+ such that, for all i, (Q n rj)uj = Zid n rj . Let u = ur x ... x ub . 
Then ZiU n rj = .Zid n rj . Now this is true for all j, and so Zi” = ZiCid 
for each i = l,..., a. Hence gud-l E EP, say gud-l = t. But then g = t du-l, 
and so g E S” dSu. Hence f is l-l. 
Let C = (cij) E A(h, p). Then we see easily from the n-fold transitivity 
of S, and the definition of A(X, p) that there exists an element g in S, such 
that I Zig n rj 1 = cij . But then f (SAgSu) = C. Hence f is onto. 
(ii) By the intertwining number theorem, 
where the summation runs over the double cosets S” dSu in S,, . But 
((lJd, G&.,IJ+,~~ is non-zero if and only if (SA)d n Su consists of even 
elements only, which is true if and only if I .Zid n I’, 1 < 1 for all i and j. 
The assertion now follows from the above proof of (i). 
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Remark. An important consequence of part (ii) of 1.1 is that T? and TV* 
have exactly one irreducible constituent in common. We call this character $. 
If X and p are different partitions of n, the characters x~, XL” are distinct; this 
follows from Theorem 1.2 below (see [8, Proposition 9.11). But it is well- 
known that the conjugacy classes of S, are in one-to-one correspondence 
with the partitions of n. Hence we have obtained all the irreducible characters 
of s, . 
THEOREM 1.2 (Snapper [B, Theorem 9.11, Liebler and Vitale [5]). Let 
h = (A, ,..., A,) and p = (111 ,..., p,,) be partitions of n. Then xA is a constituent 
of + if and only if pl + ... + pd < h, + ... + hi for i = 1, 2 ,..., min(a, b). 
THEOREM 1.3 (Schur’s branching law). Let h be a partition of n. 
(a) Let S,-, be the stabilizer of a point in Q. Then 
where the summation YWZS over all partitions p of n - 1 which dz@er from h in 
exactly one entry. 
(b) Let w be a point not in Q and let Sla+l be the symmetricgroup on 
Q u {w}. Then 
(xy”+’ = 1 x”, 
where the summation funs over all the partitions v  of n + 1 which differ from h 
in exactly one entry. 
Proof. [l, p. 561. 
2. CHARACTERS ~(n-~,~) 
Throughout this section we shall denote by J2ckl the S,-space of k-point 
subsets of Q. It is clear that fitk) is isomorphic to Q(n-k,k). 
LEMMA 2.1. Let 0 < 1 < k and n 2 2(k + I). Then 
~(“-k*k),(n-z.z) = 1 n[n-k-z+i.k--i,z-i,i] 
where the summation is over i = 0, l,..., 1. 
Proof. Define a mapping 
f :  Qtkl x QIZj + (j Q[n-k-Z+i,k-i-Z--iA] 
i=O 
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as follows: Let (01~ ,..., CY.~} E Q(,) , {/3r ,..., &} E sZ(r} with {q ,..., 01~) n
{A >***3 Bz> = {al ,..., 4 = {A ,..., A>; then definef(h ,..., ak,>, tPl ,..., A>) = 
WC% ,..., UK , Pi, ,--., Bz), {CG+~ ,.-, +J, iA+1 j--y A>, {a1 ,..., 4). Then f is 
an &-invariant one-to-one mapping. The assertion now follows, since 
nJn-k.k)&n-zJ) is the character of the action of S, on Szf,) x &I . 
LEMMA 2.2. Let n 2 2k 2 0. Then 
&-kJd = X(n) + XM.l) + . . . + X(n-k,k)e 
Proof. For k = 0 this is trivial, since n(“) = lrn = xcn). We proceed 
by induction on k. Let 0 < k < n/2, and assume that the assertion holds 
for 0 < I < k. By Lemma 2.1 we have 
(&-k.k) , 7#-qy, = (1, ) 7T (n-k.k),+n-Z~Z))S. = 2 + 1. 
Hence we get from the induction hypothesis that 
&b-.k.k) = ,(n-k+l.k-1) 
+ x3 
where x is an irreducible character of S, . Now x(~-~J~) is by definition an 
irreducible constituent of v(“-~,~), and it does not appear in 4n-k+1,k-1). 
Hence x = x@-~*~), and the proof is complete. 
LEMMA 2.3. Let 0 < 1 < k and n 3 2(k + I). For s = 0, I,..., k + I 
define 
Then 
dkz, = (X(n-s,s), X(n-k.k) . X’n-ZA’)sn . 
dlczs = 2 8i<k+Z--s * s‘2i,k+Z--s 7 
i=o 
where a,,, is 1 if t 3 u and 0 otherwise. Hence x@-li,li) . x(npz,z) contains each 
of the characters x(+*,~) with s = k - 1, k - 1 + l,..., k + 1. 
Proof. The assertion is clear if either 1 = 0 or s = 0, so we can assume 
that both 1 and s are positive. 
From the last lemma we know that 
X 
(?I--t,tj = ,[n-t,q _ ,[?a-t+1,t-l] for t = I,..., k + E. 
Hence 
dkz, = (&-s,s] _ ,J"-s+l,s-11, n[n-k.k] . n[“-Z,Z] 
- &n-k+l,k-l] . ,.Jn-Z.Z] + &n-k+l,k-1] . n[n-Z+l.Z--l] 
- &n-Lk] . T[n-z+l.z-l] )s, . (1) 
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Substituting in (1) from 2.1 we get 
dkZs = i (+-s,s] _ J"-s+1,s-11, ,[n-k-z+i,~-i.z-i,i])S 
n 
i=O 
We now evaluate (&n-s,*1 - 7&“-s+l*s--ll, n[ n-k-Zti,k--i.Z--i,i])Sn . By 1.1 this 
is equal to 
u([?z - s, s], [?I - k - E + i, k - i, 1 - i, i]) 
- a([n - s + 1, s - I], [n - K - I + i, k - i, I - i, 2-j). 
Let 
c = 2: 
( 
Cl2 Cl3 cl:, 
c22 '23 
be a matrix in A([n - s, s], [n - k - Z + i, k - i, 1 - i, ;I) with czl > 0. 
Then the matrix 
c = Cl1 + 1 Cl2 Cl3 Cl4 
1 
( c21 - 1 c22 c23 '24 13 
lies in A([n - s + 1, s - 11, [TZ - k - Z + i, R - i, Z - i, 2-J). Conversely, 
if D = (d,,) E A([n - s + 1, s - I], [n - k - 2 + i, k - i, Z - i, i]), then 
D can be obtained in this way from a matrix in A([n - s, s], [n - k - 2 + i, 
k - i, Z - i, i]), provided that d,, # 0. But this is always the case, since if 
d,, = 0 then d,, = n - k - Z + i and so n - k - Z + i < s - 1 < k + Z, 
which contradicts the hypothesis n > 2(k + I). 
Hence there is a one-to-one correspondence between the matrices (c,J in 
A([Tz - s, s], [PI - k - Z + i, k - i, Z - i, z]) with c2r # 0 and the matrices 
in A([n - s + 1, s - 11, [n - k - Z + i, k - i, Z - i, ;I). Furthermore, if 
C = (cU,,) lies in the former set and cgI = 0, then err = 71 - k - 1 + i, and 
so the matrix 
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lies in A([k + I - s - i, s], [k - i, 2 - i, i]). Thus 
u([n - s, s], [n - k - I + i, k - i, I - i, i]) 
- u([n - s + 1, s - 11, [n - k - 2 + i, K - i, Z - i, q) 
= u([k + Z - s - i, s], [k - i, 1 - i, 21). 
We obtain similar formulae for all the summands in (2). Hence we get 
d,,, = i (a@ + 1 - s - i, s], [k - i, Z - i, i]) 
i=O 
- a([k + 1 - 1 - s - i, s], [k - 1 - i, 1 - i, i])) 
l-l 
- z. (u([k + Z - 1 - s - i, s], [k - i, 1 - i - 1, i]) 
- a([k + I - 2 - s - i, s], [k - 1 - i, Z - 1 - i, i])). (3) 
Let now C = (cJ be a matrix in A@ + I - 1 - s - i, s], [k - 1 - i, Z - i, 21). 
Then 
D = '11 + 1 c12 %3 
c21 c22 c23 
is in A([k + Z - s - i, s], [k - i, Z - i, i]). Conversely, any matrix D = (d,,) 
in the latter set with dll > 0 can be obtained in this way. Furthermore, if 
d,, = 0 then d,, = k - i, and so the matrix D, = (2 2) lies in 
A([k + 1 - s - i, s - k + z-j, [I - i, 2-J). Hence 
a([k + Z - s - i, s], [k - i, Z - i, ;I) 
- a([k + 1 - 1 - s - i, s], [k - 1 - i, Z - i, z”J 
= u([K + 2 - s - i, s - k + 21, [I - i, 21). 
Similarly 
u([K + Z - 1 - s - i, s], [k - i, 1 - 1 - i, ;I) 
- u([k + I - 2 - s - i, s], [h - 1 - i, 2 - 1 - i, i]) 
= u([k + Z - 1 - s - i, s - k + 21, [I - i - 1,zJ). 
Substituting in (3) we thus obtain 
1-l 
dkz, = C (u([k + Z - s - i, s - k + i], [I - i, i]) 
i-0 
-u([k+Z- 1 -s-i,s-k+i],[Z-i- I,i])) 
+ a([K - s, s - k + 11, [Zl). (4) 
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In the same way as before we now get 
a([k + 1 - s - i, s - k + q, [Z - i, i]) 
- a([k + 1 - 1 - s - i, s - k + i], [Z - i - 1, i]) 
= a([k + 1 - s - i, s - k - 1 + 22.1, [i]). 
Hence 
d,,, = c a([k + 1 - s - i, s - k - 1 + 24, [i]). (5) 
i=O 
But clearly a([~, ~1, [u + ~1) = 4+obo . Hence the formula for $rs follows. 
For the last assertion of 2.3 we notice that d,,, is now expressed as a sum 
of nonnegative integers. If  k > s 3 k - E then for i, = I both i. < k + I - s 
and 2io 3 k + I - s are satisfied. Hence SiO(L+l+SZi,>R+z...-s = 1, and so 
d,,, > 0. Similarly we can take i, = k + I - s if k + I > s > k. 
Proof of Theorem A. Assume that G < S, with n > 4k and xg-k.e) is 
irreducible. Then 
1 = (X$-k,k), ,&k.k) )G = (lo , (X(n-k,7c)X(n-k.k))C)c . 
Now it follows from Lemma 2.3 that (,$+~*“)x(+~~*~))o contains all the 
characters x~J‘-~*~) with i = 0, l,..., 2k as constituents. Hence 
1 = (lG , X(n-k.k)X(n-k,k))G 
3 (lG , X(n) + X(n-l,l) + . . . + X’n-2”.2k’)C 
= (lo ) Trg--2k.2k))C 3 1. 
Thus G is transitive on Qtzk) , which means that G is 2k-homogeneous. But 
then we know from a theorem of Livingstone and Wagner [6] that either G 
is 2k-transitive on Q or k < 2. Now for k = 1 the assertion of the theorem 
is well-known, so that to complete the proof of the theorem it remains to 
consider the case with k = 2, G 4-homogeneous but not 4-transitive. Then 
by a theorem of W. M. Kantor [4] the degree n is 9 or 33 and G is one of 
PrL(2, 8), PSL(2, 8) and PrL(2, 32). However, x(+2*2)(l) = n(n - 3)/2, 
and so ~(‘*~)(l) = 27 and x(31,2)(l) = 495. But 27 does not divide 1 PSL(2, S)l, 
and 495 + / PrL(2, 32)1. On the other hand it is easily checked that x(7,2’ 
remains irreducible when restricted to G = PI’L(2, 8)-in fact 1 + x,$r7.2) is 
the permutation character of the doubly transitive action of PrL(2, 8) on 
28 points. This completes the proof of Theorem A. 
Proof of Theorem B. We see as before in the proof of Theorem A that 
(1, x@-~*Q)~ = 0 for i = k - I, k - I + I,..., k + 1. Now G is assumed to 
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be (k - 2 - I)-homogeneous, so (1, ~o+~,~))o = 0 for i = l,..., K - I - 1 
by Lemma 2.2. Hence (1, &n-k-2*k+2))c = 1 and G is (k + Z)-homogeneous. 
The last lemma of this section gives us some information on what happens 
when the character condition of Theorem B is satisfied but G is not transitive. 
LEMMA 2.4. Let G be a permutation group of degree n, and let k be a 
positive integer, k < n/2. Assume that (1, ~(+~s~))o = 0. Then G has an 
orbit of length at least n - k + 1. 
Proof. Let G have orbits of lengths n, > n2 > ... > n, ; then G is 
contained in S,r x ... x S, . Hence 
zz (Jn, I... ,n,), X(n-k,k))s, ) 
the equality coming from the Frobenius reciprocity theorem. If now 
n, < n - k then (&~s...*~Q), x(+~*~))~, > 0 by Theorem 1.2. Hence 
n, > n - k. 
COROLLARY 2.5. Let G be a permutation group on a set &? of n points. 
Let k be an integer, 2 < k < (n + 2)/4. 
(a) Iffx'"-k'k', X(n-k+l,k-l) )G = 0 then G is (2k - I)-homogeneous. 
(b) If (X(n-k*k), X(n-k+2*“-2))C : () then ,&hey 
(i) G is (2k - 2)-homogeneous on Q, or 
(ii) GJixes a point 01 of Q and is (2k - 2)-homogeneous on a\{,>. 
Proof. 
(a) This is just a special case of Theorem B. 
(b) If  G is transitive on Q then (i) holds by Theorem B. Assume that G 
is not transitive. From 2.3 we know that (1, ~(~-*s~))c = 0, and so G has an 
orbit of length n - 1, say Q\{o1}. Let S,-, be the stabilizer of 01 in S, ; then 
G < S,-, . Now x~~;k+2*k-2) contains ~(+~+i*~-~) and x~~:~~’ contains 
X(n-k--l.k) by Theorem 1.3. Hence (X(n-k-lsk), X(n-k+l*J~-2))c = 0, and (ii) 
holds by Theorem B. 
3. OTHER CHARACTERS 
LEMMA 3.1 (Tsuzuku [9, Lemma 51). Let G be a permutation group of 
degree n and let k be an integer satisfying 1 < k < n/2. Let X~ be a character of 
S, of dimension k and assume that xc” is irreducible. Then G is transitive. 
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LEMMA 3.2. Let h = (X, ,..., h,) be a partition of n with a > 1. Assume 
that p = (h, + I,..., hi - I,.,., h,) is also a partition of n. I f  (xA, x”)c = 0 
then G is transitive. 
Proof. Note first that 
by Schur’s branching theorem. Hence (&-lJ), x”xu”)~, = (#-+A, XU)~, > 1. 
But J”-l*l) = 1 + ~(+l,l) and (1, xAxu)~, = ($, XU)~, = 0. Hence x(+rJ) 
is a constituent of $x’“. But then also ~g-~*r) is a constituent of (XAxu)c . 
Now 
(1G , xi-))G < (lc , (XAXU)G)G = (XGA, XC”)G = 0. 
Thus G is transitive. 
LEMMA 3.3. Let G be a permutation group on a set Q and let H be a transi- 
tive subgroup of G. Let 01 E Q and let x be an irreducible character of G, . Then 
(XdH = (xGh. 
Proof. This is an immediate consequence of the Mackey subgroup 
theorem [2, 44.21. 
LEMMA 3.4. Let G be a permutation group on a set 52 of n points, and let 
01 E Q. Let xA be a character of S, of dimension k. Assume that (x^, xfi)o = 0 
for all characters xu of S” of dimension less than k. Then (xi, , $=)o= = 0 for 
all characters xv of S,-, of dimension less than k - 1. 
Proof. Let x* be a character of S,-, of dimension m < k - 1. Then 
(xi 9 xii )G = (xc”, (XL )“)G by F ro b enius reciprocity theorem. Now G is 
tra&itivg 0: 52 by 3.2 &rd so (& )c = ((x~)~~)~ by 3.3. But (x”)s* is by 1.3 
a sum of characters of dimension le‘& than or equal to m + 1, and m + 1 < k. 
Hence (xA, (x”)“*)o = 0 by the hypothesis, and the assertion follows. 
LEMMA 3.5. Let k be a positive integer. 
(a) If  n > 3k then ~(“-“~~~)(l) > ~(~-“+r*“-~)(l). 
(b) If  n > 2k then ~(“-~~*“)(l) < x”(1) f  or any partition h of n of dimen- 
sion k dzperent from (n - k, k). 
(c) There exists an integer c(k) such that for n > c(k), if X and p are 
partitions of n with dim p < dim X = k, then x”(l) > xw(l). In fact c(2) = 5, 
c(3) = 8, c(4) = 14 and c(5) = 21, and in general c(k) < k! + 2k. 
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Proof. From 2.2 we know that 
X’n-~J’(l) = n(n - 1) ... (n - 1 + 2)(n - 21 + 1)/E!. 
Hence (a) follows by a trivial calculation. 
(b) Let h = (rz - k, ha ,..., h,) with a > 3. We proceed by induction 
on k and on n. If  k = 1 then the assertion is trivial. Suppose now that k > 1 
and n > 2K. Suppose also that ~(~-~+l) (1) < x”(l) for any partition Y of 
n - 1 of dimension K - 1 different from (n - k, k - 1). 
Assume first that n = 2k. By 1.3 we have x(~s~)( 1) = ~(~*“--l)( 1) and 
xW.A,..... A.'(l) > X'k-l,"l,.... A~)(l) + ~(~.~z*...Ja-l)(l). Now by the induction 
hypothesis xoQ+l)( 1) < x(I;J~,...~+~)( l), and so x’“*“)( 1) < x”( 1). 
Assume now that n > 2k, and suppose also that ~+~--l,%)(l) < XL”(I) for 
any partition p of n - 1 of dimension K different from (a - k - 1, K). Now by 
1.3 again XC”-ksk)(l) = XC”-k-lsk)(l) + x(n-ksk-l)(l), and x(?~-~sA,v*..A~)(l) 2 
X(n-k-l,A, ,..., Ad(l) + X(n-k,hz ,..., o- A l)(l). Applying the induction hypotheses 
we get the assertion. 
(c) Let p be a partition of n of dimension less than k. We know from 12. 
that XC” is a constituent of ,(n-k+lJ-l). Hence xu( 1) < n(n - 1) a.0 (n - k + 2). 
Let h be a partition of n of dimension K. If  n 3 2K, we have x~( 1) 3 x(+“,“)( 1) 
by (b). But ~(+~*“)(l) = n(n - 1) ... (n - K + 2)(n - 2K + 2)/K!. Hence 
x”(1) > x”(l) for n > k! + 2k. The values of c(k) for small R are easily 
obtained by inspection. 
THEOREM C. Let G be a permutation group on a set Sz of n points. Let k 
be an integer, 2 < k < n/4. Assume that the character ~r-~*~-‘*‘) is irreducible. 
Then G is (2k - I)-transitive on Q. 
Proof. By 3.1 the group G is transitive. Let ct E .Q and let S,-, be the 
stabilizer of 01 in S, . We claim that the character xP~-~*~-‘) is irreducible. 
For suppose that (~o-~J-r), ~(+~J-l))o, = d. Now x~~~~*‘-‘*‘) contains 
x(~-~J-~) by 1.3. Hence we have (~r-‘*~-‘.‘), ~‘Cn,-~*~-l))o 3 d. Then 
by Frobenius reciprocity theorem (xC~~*~-‘,‘), (x$J-~~~-‘))~U)~ > d. But 
(x~:-~*~-~))G = ((~(~-~*r-~))Sn)o by 3.3, and so, using 1.3, we have 
(x(n-k,k-l,l), X(n-k,k-l,l) + x(n-L,L) + x'n~"+l,"-l))c ~ d. But X~-k.k-l.l) is 
irreducible, and so we have comparing the degrees (3.5) that d = 1. 
Hence G, is (2k - 2)-transitive on Q\(a) by Theorem A, and so G is 
(2k - I)-transitive on Q. 
THEOREM D. Let G be a permutation group on Q of degree n and let k 
be a positive integer such that n > c(k) and n > 4k - 2. Let h = (h, ,..., h,) 
be a partition of n of dimension k and let xcA be irreducible. Then G is 
(k + h, - I)-homogeneous. 
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Proof. Let m = A, + A, + ... + A, and let oc, ,..., 01, ~52. Let h(l) be 
a partition of n - 1 which differs from h only in the last entry. Now n > c(K), 
so that (xa, XU)~, = 0 for any partition p of n of dimension less than K. Hence 
we know from 3.2 and 3.4 that G is transitive on Q and (xAtl), x~(l))~,~ = 0 
for any partition ~(1) of n - 1 of dimension less than k - 1. Repeating this 
argument m times we see that G is m-transitive and (x(~~*~s), XU(~))~,~...~ = 0 
for any partition p(m) of n - m of dimension less than k - m = h, . gence 
G,...,, is (2h, - 1)-homogeneous by 2.5(a), and the assertion follows. 
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